A simple and effective decoupled finite element analysis method was developed for simulating both the piezoelectric and flexoelectric effects of zinc oxide (ZnO) and barium titanate (BTO) nanowires (NWs). The piezoelectric potential distribution on a ZnO NW was calculated under three deformation conditions (cantilever, three-point, and four-point bending) and compared to the conventional fully coupled method. The discrepancies of the electric potential maximums from these two methods were found very small, validating the accuracy and effectiveness of the decoupled method. Both ZnO and BTO NWs yielded very similar potential distributions. Comparing the potential distributions induced by the piezoelectric and flexoelectric effects, we identified that the middle segment of a four-point bending NW beam is the ideal place for measuring the flexoelectric coefficient, because the uniform parallel plate capacitor-like potential distribution in this region is exclusively induced by the flexoelectric effect. This decoupled method could provide a valuable guideline for experimental measurements of the piezoelectric effects and flexoelectric effects in the nanometer scale.
I. INTRODUCTION
Piezoelectricity is a response of electric polarization to a mechanical strain in crystalline dielectrics with noncentrosymmetric crystal structures. Numerous applications of direct and reverse piezoelectric effects play important roles in modern life. In recent years, researchers have constructed comprehensive theoretical frameworks to analyze and predict the piezoelectricity of a broad range of materials. [1] [2] [3] [4] [5] [6] [7] [8] [9] Flexoelectricity is a relative new electromechanical coupling phenomenon describing the response of electric polarization to a mechanical strain gradient. 10, 11 Unlike piezoelectricity, flexoelectricity appears not only in noncentrosymmetric dielectrics but also in centrosymmetric dielectrics because a strain gradient can break local symmetry. 12, 13 Due to its very small effect in bulk materials, flexoelectricity had not attracted much attention since its discovery several decades ago. Strong flexoelectric effects can be introduced by large strain gradients that were found to be feasible in nanoscale materials. Increasing theoretical analysis of the flexoelectric effect in the nanometer regime has been explored recently. [13] [14] [15] [16] Both piezoelectricity and flexoelectricity play a key role in the operation of nanowire (NW)-based nanogenerators (NGs) that convert ambient mechanical energy into electricity. [17] [18] [19] [20] [21] [22] NG is a promising technology for charging batteries, powering wearable electronic devices and implantable biomedical devices. [23] [24] [25] [26] [27] [28] [29] [30] [31] The working principle of a NW-based NG relies on deforming the NWs to produce electric polarization on the NW surfaces. While the piezoelectric contribution has been intensively studied, little is known about the contribution from the flexoelectricity to the performance of the NGs, only a few papers discussing flexoelectric effect affecting performance of NGs with analytic method [32] [33] [34] [35] exist. Numerical analysis of the flexoelectric response in single-crystalline nanowires and understanding the interaction with the piezoelectric effect are one essential step toward effective utilization of the flexoelectric effect in NG design.
Current commercial finite element analysis (FEA) software is capable of calculating piezoelectricity owing to its well-developed theoretical framework. However, the function of solving flexoelectricity is mostly absent. The main approach that most commercial FEA software (e.g., ANSYS, ADINA) use is the fully coupled method, which combines the analyses of both mechanical and electric fields simultaneously. 36 However, this method is not ideal for solving the flexoelectric effects due to the complicity of involving flexoelectric coefficient and strain gradients. Bradley proposed an FEA method for solving the flexoelectricity, but was restrained to 2-dimentional models. 37 In this paper, we developed a decoupled FEA method to calculate the flexoelectric effects of NWs under three different bending conditions. Based on a zinc oxide (ZnO) NW model, the strain-related piezoelectricity was calculated using both our decoupled and conventional fully coupled methods. Very small discrepancies were found between the results of these two methods after only the first calculation cycle, which validated our decoupled method. This decoupled method was further applied to flexoelectricity calculations. The electric potential distributions from both piezoelectric and flexoelectric effects were clearly distinguished for piezoelectric ZnO and Published by AIP Publishing. 119, 154104-1 ferroelectric BaTiO 3 (BTO) NWs. This calculation provides a guideline for experimentally quantifying the flexoelectric coefficients and designing new NW-based NGs.
II. DECOUPLED FEA METHOD
To simplify the derivation, we assume that the NW bending is very small, 38 so that the electromechanical properties of piezoelectric materials can be described by the constitutive equations r ij ¼ c ijkl e kl À e kij E k ;
(1)
where r, c, e, e, E, D, P, and k are the mechanical stress tensor, the mechanical stiffness tensor, the mechanical strain tensor, the piezoelectric coefficient matrix, the electric field, the electric displacement, the electric polarization, and the dielectric constant, respectively. The constitutive equations of flexoelectricity have similar forms except strain and electric field being replaced by strain gradient and electric field gradient. Both piezoelectric and flexoelectric effects exist in a strained non-centrosymmetric material. Therefore, the constitutive equations should describe these two effects together. 39, 40 In order to easily compare the results from the two effects, here we discuss the two effects separately. The piezoelectric coefficient, a third-rank tensor e kij is changed to the flexoelectric coefficient l ijkl , a fourth-rank tensor as well
where the complete expansion of the strain gradient e jk;l and the direct flexoelectric coefficient matrix l ijkl can be found in supplementary material S2. 46 The decoupled FEA method was developed to take into account strain gradient and electric field gradient in addition to the strain and electric fields for calculating the electric potential distribution. Unlike the fully coupled method detailed in supplementary material S1, 46 the decoupled method deals with the displacement field and the electric field separately. When the displacement field is considered, only the displacement vector {u i } exists at the node in each element. When we calculate the electric field, the only degree of freedom is electric potential {/ i }. These two processes are described in Equations (5) and (6), respectively, 
Eq. (7) describes the relation between strain and stress without the converse piezoelectric effect. Eq. (8) describes the direct piezoelectric effect. The number in superscripts represents the number of calculation iteration. Here, a piezoelectric ZnO NW is used as a model system due to its well-known mechanical and piezoelectric properties. The piezoelectric potential distribution generated by three bending situations (cantilever, three point, and four point bending) is calculated and compared to the conventional fully coupled method. Cantilever bending is the most common deformation scenario for NWs in NG applications. Based on the Saint-Venant theory of bending, the mechanical strain is given by 34, 43 
This strain matrix can be directly used to calculate the electric polarization (P R ) following Eq. (8):
By assuming no free charges in the nanowire and according to Gauss's law, the body charge density can be defined as
y; (11) and the surface charge density as
Therefore, this case can be considered as an electrostatic problem, and the body charge density and the surface charge density can represent the electric polarization as boundary conditions in the FEA model to calculate the piezoelectric potential.
The piezoelectric potential distribution along a ZnO NW (600 nm long, 25 nm in radius, and under a force of 80 nN on the free end) was calculated using the decoupled FEA method (material parameters used in the calculation were listed in supplementary material S3 46 ). Figure 1 (a) schematically shows the electric dipole distribution inside the ZnO NW when the force f y is applied on the left end. Only body charge exists in this case. The calculated potential distribution is plotted in a 3D NW geometry, revealing a parallel plate capacitor-like behavior ( Figure 1(b) ). Charges on both ends of the NW have negligible effect on the electric field of the entire NW due to the significantly small diameter compared to the NW's length. In order to validate the accuracy of the decoupled method, the piezoelectric response of the same NW was also calculated using the fully coupled method (supplementary material S1 46 ). The potential distributions along the axial cross section calculated by both methods are shown in Figures 1(c) and 1(d), respectively. These two methods yielded very similar potential distributions. The difference between the maximum electric potential values from the two methods was found to be 6% (0.265 V from the decouple method versus 0.282 V from the fully coupled method).
The same ZnO NW model (600 nm in length and 25 nm in radius) was then analyzed under the three-point bending situation. An external force f y of 80 nN was assumed to be applied at the middle of the NW. According to the classic mechanics, the maximum bending strain appears at the middle point that is bearing the external force. The shear strain exhibits a mirror distribution versus the center plane of the NW. Thus, the strains of the left part {e} l and the right part {e} r of the ZnO NW can be expressed by Eqs. (13) and (14), respectively,
The body charge density of the left part and the right part can be written as follows:
The surface charge density of the NW surface remains neutral
The charge distribution can be represented by the electric dipoles inside the NW under the three-point bending condition (Figure 1(e) ), and the corresponding electric potential distribution is shown in Figure 1 (f). The electric potential distribution in each half of the NW is very much similar to that of a parallel plate capacitor (or the cantilever beam case). However, the signs of the electric potential in the two sides are opposite. This symmetric distribution can be considered as if two cantilever beams were joined together head-to-head. The opposite potential sign is a result of the opposite polarization directions ([0001] versus [000-1] of the ZnO NW case) of these two cantilever beams. The electric potential is zero at the center point where the external force is applied because the induced body charges are neutralized at the middle. The axial cross-sectional plots of the decoupled and coupled methods (Figures 1(g ) and 1(h), respectively) clearly reveal that both methods can yield the same results. The discrepancy of the maximum electric potential between these two methods was only 0.6% (0.133 V from the decouple method versus 0.134 V from the fully coupled method).
The same ZnO NW model was further used to analyze the four-point bending case. Two external forces of the same value, 40 nN, were exerted at the two points 150 nm away from both ends. Under this bending situation, the middle segment between the two bearing points exhibits no shear strain but only bending strain, while the two end segments of the beam have opposite shear strain. The strain function in the left, middle, and right segments of the ZnO NW is presented as {e} l , {e} m , and {e} r , respective in the following equations:
According to the decoupled FEA method, the body charge densities of the left and the right segments follow the same relations described in Eq. (15), whereas the body charge density of the middle segment is zero. Similar to the three point bending case, the surface charge densities of the left, middle, and right segments are all zero.
The schematic diagram of the electric dipole distribution under the four-point bending condition is shown in Figure 1(i) . The 3D electric potential distribution calculated by the decoupled method is illustrated in Figure 1 potential distribution is produced on both end segments with opposite signs. This type of potential distribution can be considered similar to the case of three-point bending with an extended central neutral potential zone. Comparing the axial cross-sectional region from the decoupled FEA method (Figure 1(k) ) and the fully coupled FEA method (Figure 1(l) ) also revealed the same potential distribution with a discrepancy of electric potential maximum as small as 1.5% (0.132 V from the decouple method versus 0.130 V from the fully coupled method).
By comparing the potential distribution and the potential maximum discrepancy between our decoupled and conventional fully coupled methods, we can conclude that the decoupled FEA method is a fairly simple and an efficient approach to predict the electric potential distribution induced by the piezoelectric effects.
It should be noted that in wurtzite material systems, the second order piezoelectric effect, i.e., the nonlinear piezoelectric component, has a profound influence on the overall piezoelectric polarization. 44, 45 However, the fully coupled FEA method cannot be used directly to calculate the nonlinear effect either. Based on the established theoretical framework, 45 the second order piezoelectric effect of the ZnO NW was also calculated by the decoupled FEA method under the cantilever, three-point bending, and four-point bending conditions (supplementary material S4 46 ). From the results, the nonlinear piezoelectric effect can make a significant contribution to the overall potential, especially for the cantilever's case under larger strain.
IV. APPLICATION OF THE DECOUPLED FEA METHOD FOR FLEXOELECTRIC POTENTIAL CALCULATION
After validating the decoupled FEA method in calculating the piezoelectric response, it was then used to calculate the flexoelectric effect, where the strain gradient and the electric field gradient become the essential components. The complete expansions of the strain gradient and the flexoelectric coefficient are included in supplementary material S2. 46 To be consistent with other calculations reported previously, 32, 43 we also assume that both ZnO and BTO are isotropic. By applying the decoupled FEA method, the constitutive equations of the flexoelectric effects become
Here, we only consider mechanical strain in Eq. (20) and the polarization solely induced by pure mechanical strain gradient in Eq. (21) . Only one calculation cycle was applied in the FEA process as we did in the piezoelectric effects' case to simplify the calculation. The same ZnO NW model was used under the three different bending conditions for flexoelectricity calculation. In a cantilever beam mode, applying Eq. (9) of the Saint-Venant theory of bending, Eqs. (S9) and (S10) in supplementary material S2, 46 to the constitutive equations yielded the polarization induced by the flexoelectric effectP 
and the surface charge density by
The body charge density and the surface charge density were used as the boundary conditions in the FEA calculation. Different from the piezoelectric responses, the flexoelectric polarization is produced only by the surface charge, and the body charge density becomes zero. The surface charge density on both end surfaces was ignored because it would not induce an appreciable intrinsic electric field inside the NW due to the NW's large aspect ratio. The surface charge density on the cylindrical surface is given by
Here, h is the polar angle in the radial cross section of the NW (Figure 2(a) ). The electric potential maxima appear at the middle of the top surface (h ¼ 90 ) and the middle of the bottom surface (h ¼ 270 ). The dipole distribution inside the NW in response to the flexoelectric effect is schematically shown in Figure 2(b-i) . The dipoles inside the NW line perpendicularly to the NW's axis so that the body charge is cancelled and only surface charge exists.
For the convenience of calculation, we define an equivalent flexoelectric parameter
By assuming the external force at the free end is 80nN and l e ¼ À1nC/m, the electric potential distribution as a result of the flexoelectric effect was calculated, and the 3D plot is shown in Figure 2(b-ii) . The right-hand-side is the fixed end of the NW. The top surface of the NW is positively charged, and the bottom surface is negatively charged. The electric potential is at maximum immediately next to the fixed end and decreases gradually towards the free end, which can be clearly observed from the axial cross-sectional image (Figure 2(b-iii) ). The radial cross-sectional potential profile at the maximum potential region is shown on the top-right inset of Figure  2(b-iii) . The nonuniform electric potential distribution is correlated to the strain gradient in the deflected NW cantilever beam, where the maximum of the strain gradient occurs at the fixed point. Strained ZnO structures have both piezoelectric and flexoelectric effects. Reference 32 provided an analytic result of electric potential distribution in ZnO considering both effects at the same time. In order to validate our decoupled method, an identical set of parameters were used in our calculation, and the results matched very well to those reported in Ref. 32 (see supplementary material S5   46 ). When the ZnO NW is under the three-point bending condition, the dipole distribution induced by the flexoelectric effect is schematically shown in Figure 2(c-i) . Based on the strain formula (13) and (14) , the surface charge density of the NW surface is given by
When an external force of 80 nN is exerted at the center point of the ZnO NW, the flexoelectric effect-generated electric potential distribution is shown in Figure 2(c-ii) . Opposite to the piezoelectric case, the maximum potential is located at the center force-bearing point. The potential decreases symmetrically towards both ends and reaches the zero point, as illustrated by the axial cross-sectional potential profile in Figure 2 (c-iii). This potential distribution is in accordance with the strain gradient distribution in the three-point bending condition, where the maximum strain gradient is located at the center force-bearing point. The right inset of Figure  2 (c-iii) shows the radial cross-sectional potential profile at the center point, revealing the maximum potential that can be produced by the flexoelectric effect. A similar procedure was then applied to calculate the flexoelectric effect of the ZnO NW in a four-point bending case, where two external forces of 40 nN each were applied to the l/4 and 3 l/4 points on the NW beam. The corresponding dipole distribution is schematically shown in Figure 2(d-i) . From strain formula in Eqs. (17)- (19), the electric polarization can be obtained from the strain gradient, and the surface charge density on the NW surface is given by
As shown by the 3D plot (Figure 2(d-ii) ) and axial crosssection ( Figure 2(d-iii) ) of the electric potential distribution, the uniform bending segment (center segment) exhibits a parallel plate capacitor-type electric potential profile with the maximum value at the top and bottom surfaces. This is well coordinated with the maximum and uniform strain gradient between the two force bearing points. In the left and right segments, the electric potential drops rapidly to zero toward both ends, similar to the three-point bending case. Recall the piezoelectric case, the center segment exhibits no electric potential. The large and uniform potential in the center segment is purely the result of the flexoelectric effect, which offers an ideal scenario for characterizing the flexoelectric effect.
V. APPLICATION OF THE DECOUPLED FEA METHOD TO CALCULATING BaTiO 3 NWs
BaTiO 3 (BTO) is a ferroelectric material and has different crystal structures and piezoelectric/flexoelectric properties compared to ZnO. The decoupled FEA method will be further applied to BTO NWs to calculate the piezoelectric and flexoelectric responses under the three different bending conditions. According to the crystal structure (perovskite), the cross section of a BaTiO 3 (BTO) NW is defined as a square. The size of the BTO NW used in our simulation is defined as 300 nm in length and 10 nm in width, and the external force is assumed to be 80 nN.
The piezoelectric potential distributions were calculated based on the rectangular BTO NW under the cantilever, three-point, and four-point bending conditions, respectively. The strain of a BTO NW cantilever and the electric polarization induced by the piezoelectric effect are given by the following relations: 
The body charge density can be calculated following Eq. (11) in the ZnO NW case. As for the three-point and four-point bending cases, the same corresponding equations in the ZnO NW case can also be directly applied. As shown in Figures 3(a)-3(c) , the calculated electric potential distributions are very similar to those calculated from the ZnO NWs, and the parallel plate capacitor-like behavior was obtained as a result of the piezoelectric effect. In addition, to compare these two methods, the results of the piezoelectric effect of BTO NW under the three different bending conditions were calculated using the two methods (supplementary material S6 46 ). The results from the two methods matched very well, suggesting our decoupled method is indeed simple and effective.
For potential calculation induced by the flexoelectric effect, the same process was then applied to calculate the potential distribution in the BTO NW. In the cantilever mode, Eq. (22) is used to calculate the electric polarization, and the surface charge density can thus be given as
Under the three-point bending condition, the flexoelectric effect-induced surface charge density along the BTO NW can be given in two halves as
For the four-point bending condition, the surface charge density is given in three segments where the BTO NW exhibits gradient and uniform strains
The corresponding calculated electric potential distributions are shown in Figures 3(d)-3(f) for the cantilever, three-point, and four-point bending conditions, respectively. The constants used in our calculation are included in supplementary material S3. 46 It can be clearly seen that the BTO NW exhibits similar potential distribution as those calculated from the ZnO NW in all three cases. For the rectangular geometry, the potential maximum is more uniformly distributed on the top and bottom flat surfaces, instead of a gradual distribution on the cylindrical surfaces. This geometry could therefore provide more accurate measurement of the flexoelectric coefficient compared to cylindrical beams.
VI. CONCLUSION
In summary, we developed a simple and effective decoupled FEA method to calculate the piezoelectric and flexoelectric effects in NW beams. In the decoupled FEA method, the displacement field and the electric field were considered separately. By substituting the strain or strain gradient into the constitutive equations, the electric polarization could be solved exclusively by the mechanical deformation. Following the Gauss's law, the body charge density and the surface charge density were defined separately and were used as the boundary conditions for FEA calculation of the electric potential distribution in a bent NW. The FEA results from our decoupled method were compared to the conventional fully coupled methods based on a ZnO NW under the three deformation conditions: cantilever, three-point, and four-point bending. The discrepancies of the electric potential maximum between these two methods were found very close to each other with just one calculation cycle, showing that our decoupled method can accurately and effectively calculate the strain-induced polarization in a much simpler way. The electric potential induced by the piezoelectric and flexoelectric effects was calculated separately on both ZnO and BTO NW modes, and the distinct potential distributions were obtained between these two effects. Significantly, a uniform parallel plate capacitor-like potential distribution could be generated by the flexoelectric effect in the middle uniformly strained segment under the four-point bending condition, where the piezoelectric effect had zero effect to the potential. This discovery suggested that the middle region of a four-point bending NW is an ideal situation for determining the flexoelectric effect, particularly for a rectangular-shaped NW. The decoupled method can provide a valuable numerical guideline for experimental measurements of the piezoelectric and flexoelectric effects in the nanometer scale.
